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Abstract
Hamiltonian formulation of the string with dynamical geometry and two-dimen-
sional gravity with torsion is given. Canonical Hamiltonian equals to the linear
combination of first class constraints satisfying closed algebra. It is the semidi-
rect sum of the Virasoro algebra and the abelian subalgebra corresponding to the
local Lorentz rotation. After making the canonical transformation the theory is
quantized. It is proved that there exists Fock space representation of pure two-
dimensional gravity with torsion containing no central charge in the Virasoro alge-
bra. Also constructed is the new Fock representation of a standard bosonic string.
It is shown that two-dimensional string with dynamical geometry is anomaly free
and describes two physical degrees of freedom.
1 Introduction
One of the most interesting model of contemporary physics is the bosonic string described
by an action proportional to the area of the string world sheet (for a review see [1, 2]). At
the quantum level there arises the notion of critical dimension D = 26 of the space-time
where the theory can be consistently quantized. This is a drawback when the theory is
considered as describing 4 dimensional extended objects. Bosonic string also contains a
tachyon in its spectrum and therefore various modifications of the Lagrangian have been
proposed last years.
The simplest geometric generalization of the bosonic string is the string with dynamical
geometry that is obtained by adding the Lagrangian of two-dimensional gravity with
torsion [3, 4]. The latter equals to the sum of curvature squared term, torsion squared
term, and cosmological constant, the geometrical quantities being constructed from two-
dimensional metric and torsion of the string world sheet. On the other hand this model
∗Supported by Russian fund of fundamental investigations RFFI–93–011–140
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can be viewed as two-dimensional gravity and D minimally coupled massless scalar fields
corresponding to the string coordinates.
At the same time two-dimensional gravity with torsion is of interest by itself at least
for two reasons. Firstly, it provides highly nontrivial gravity model in two dimensions
with well defined action. Therefore its elucidation will shed a new light on the whole
problem of quantum gravity. Secondly, it has direct physical application in the theory
of solids because in Euclidean space it describes the membranes with dislocations and
disclinations (see [5] and references there in).
Recently there was a progress in two-dimensional gravity with torsion. The highly
nonlinear equations of motion turn out to possess the explicit general local solution which
have been found in the conformal gauge [6], the light-cone gauge [7], and in the gauge
where torsion components play the role of space-time coordinates [8, 9]. Earlier there
were found an instantonlike [10] and all static solutions [4]. It is interesting that the
Liouville model (constant curvature and zero torsion) is incorporated as one of the two
sectors of two-dimensional gravity with torsion. In the space-time equipped with general
type metric and torsion satisfying the equations of motion of two-dimensional gravity
with torsion, all extremals and geodesics have been found and analysed in the conformal
gauge [11]. In light-cone gauge part of them have been analysed also in Ref.[7]. It is
worth attention that two-dimensional gravity with torsion admits not only local but also
a global analysis. Recently all global maximally continued solutions have been found and
classified up to an action of the descrete transformation group [12]. This means that at
the classical level the theory admits complete local as well as global analysis. Among the
global solutions there are solutions describing black and white hole configurations which
are similar to the Kruskal extension of the Schwartzschild solution. The knowledge of
all global solutions of the model yields the hope to investigate in detail the relevance of
global structure of gravity to quantization.
For quantization of the model it is very important to formulate the theory in Hamilto-
nian form. Two-dimensional gravity with torsion was canonically formulated in Refs.[13,
14]. (Earlier it was canonically formulated only in the conformal gauge [15].) In Ref.[13]
the lightcone variable plays the role of time. The theory is proved to have 6 first-class
costraints. The authors show that 3 of them together with the momenta form the quadrat-
ically deformed iso(2,1) algebra which is interpreted as the novel symmetry of the model.
In Ref.[14] the theory is canonically formulated, a timelike coordinate playing the role
of time variable. The results are in agreement with [13]. In Ref.[16] the Hamiltonian
formulation was also considered.
Both Lagrangian and Hamiltonian formulations show that pure two-dimensional grav-
ity with torsion describes no dynamical continuous degree of freedom. This statement
will be surely untrue if one adds the matter fields to the theory. This is one of the reasons
why we treat the string with dynamical geometry in the present paper. Its canonical
formulation was not considered earlier.
In the present paper the string with dynamical geometry is written in Hamiltonian
form. When one transforms a complicated nonlinear theory with local invariance from
the Lagrangian to the Hamiltonian form the choice of independent variables become of
prime importance. In contrast to Refs.[13, 14] we choose to work with the Arnowitt,
Deser, Misner [17] decomposition of the two-dimensional metric and the corresponding
parametrization of the zweibein. This considerably simplifies calculations. We found
six first-class constraints satisfying closed algebra. It is the direct sum of 3-dimensional
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abelian algebra of primary constraints and the new 3-dimensional algebra of secondary
constraints that is the semidirect sum of the one-dimensional abelian subalgebra and the
Virasoro algebra. This is in agreement with the following general consideration. We know
that the Virasoro algebra is connected with the conformal symmetry which is the part of
general coordinate invariance. In our case the model is also invariant under 1-parameter
local Lorentz rotation. The last symmetry yields the nontrivial generalization of the
Virasoro algebra.
The Hamiltonian form of the theory shows that the string with dynamical geometry
describes D dynamical degrees of freedom. We have found restrictions on the coupling
constants yielding positive definite canonical Hamiltonian for all physical modes. To
elucidate the quantum constraint algebra it is very useful to make the nonlocal canonical
transformation corresponding to the decomposition of the zweibein into longitudinal and
transversal part. In fact the longitudinal component coinsides with the conformal piece of
the metric while the transversal one coinsides with the Lorentz angle and is unphysical.
The theory is canonically quantized without any approximation. That is for coordi-
nates and momenta we introduce creation and annihilation operators, construct the Fock
space and prove that the normally ordered constraints of pure two-dimensional gravity
with torsion satisfy the Virasoro algebra without central charge. We have also found new
Fock representation for an ordinary bosonic string where the central charge differs by two
from its standard value. This means that an anomaly canarise only due to the ghost fields
which are not considered in the present paper. This is a new quantum model describing
two physical continuous degrees of freedom: the first is the space component of the string
and the second is the conformal piece of the metric of the string world sheet.
There are other approaches to quantization of pure two-dimensional gravity with tor-
sion. In Refs.[14, 18] the theory is canonically quantized using the symmetric represen-
tation in coordinates and momenta of Hermitian operators. An important progress have
been done within the path integral approach. The model was shown to be renormalis-
able [19] and integrable at the quantum level [20]. The Lagrangian BRST quantization
of the model was considered in [21]. There the action of two-dimensional gravity with
torsion was written in the first order form which can be considered as a gauge theory of
quadratically deformed two-dimensional Poincare´ algebra [22].
The paper is devided in two parts having subsections. In the first part we discuss the
classical canonical formulation of the theory. The second part is devoted to the quantum
aspects of the theory.
2 Hamiltonian formulation
If one tries to quantize a theory nonperturbatively then the canonical formulation seems
to be the most adequate starting point. This stems from the fact that nonlinearity of a
theory does not yield any principle difficulty when a Lagrangian theory is transformed
into a Hamiltonian form. And then it can be canonically quantized replacing Poisson
brackets by commutators. There is also not much freedom in the introduction of creation
and annihilation operators, constructing a Fock space representation of any nonlinear
quantum field theory. There will be no approximation. The main problem arising in such
approach to gauge theories is the investigation of an algebra of quantum operators which
at the classical level satisfy some algebra corresponding to gauge invariance. The aim
3
here is the construction of such representation in which the quantum algebra coincides
with the Poisson bracket algebra. In this case we say that the theory contains no anomaly
(here we neglect a possible contribution from ghosts fields).
At the classical level a canonically formulated theory has a wide class of equivalent real-
isations connected by (in general nonlinear) canonical transformations. These realisations
can yield unitary inequivalent representations of the quantum theory. For example, every-
body knows how to quantize a harmonic oscillator, but if one makes a nonlinear canonical
transformation then the resulting quantum theory may be disastrous and unitary inequiv-
alent to the standard realization. So the choice of canonical variables becomes of prime
importance for nonlinear theories. I think the guiding principle here is the simplicity of
the resulting Hamiltonian theory were the quantization can be performed consistently.
Situation in two-dimensional gravity with torsion is the following. Let us find even one
canonical formulation where the quantization can be performed. This canonical formula-
tion is given in the first part of the paper. Here we encount four canonical transformations
and show that the resulting canonical theory for physical modes is similar to the Liou-
ville theory interacting with the bosonic string. But it is more general and allows one to
perform consistent quantization.
2.1 The Lagrangian
In this section we introduce notations, write down the Lagrangian and its symmetry
transformations.
Let Xµ(ζα), µ = 0, 1, . . . , D−1, be coordinates of the string moving in D-dimensional
flat Minkowskian space-time equiped with the metric ηµν = diag(+ − . . .−). Here ζα,
α = 0, 1, are coordinates on the string world sheet. Their range will be spesified later,
and at the moment we consider them as a local coordinate system. To give meaning of
the Hamiltonian formulation we assume that tangent vector ∂0X
µ is everywhere timelike,
∂0Xµ∂0X
µ > 0, and tangent vector ∂1X
µ is everywhere spacelike, ∂1Xµ∂1X
µ < 0.
We assume that the world sheet of a string with dynamical geometry is equiped
with the Riemann–Cartan geometry, that is the metric gαβ(ζ) = gβα(ζ) and the torsion
Tαβ
γ(ζ) = −Tβαγ(ζ) are given.
The action of the string with dynamical geometry has the form [3]
I =
∫
d2ζe(LX + LG), e = det eα
a, (1)
where e defines the volume measure. Lagrangian of the model equals to the sum of the
standard Lagrangian of the bosonic string,
LX = −1
2
ρgαβ∂αXµ∂βX
µ, (2)
and the Lagrangian of two-dimensional gravity with torsion,
LG =
1
4
γRαβ
abRαβab +
1
4
βTαβ
aT αβa − λ, (3)
where Rαβ
ab and Tαβ
a are intrinsic curvature and torsion of the string world sheet. Here
ρ is a mass density of the string, γ and β are coupling constants and λ is a cosmological
constant. Raising and lowering of Greek indices from the beginning of the alphabet is
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performed by using metric gαβ and its inverse g
αβ, while Latin indices are raised and
lowered by using two-dimensional Minkowskian metric ηab = diag(+−). Transformation
of the Greek indices into the Latin ones and vice versa is performed by using zweibein
field eα
a(ζ), gαβ = eα
aeβ
bηab.
The zweibein eα
a and the Lorentz connection ωα
ab = −ωαba are independent variables
and in this case equations of motion are of second order. Curvature and torsion are
expressed in these variables as follows
Rαβ
ab = ∂αωβ
ab − ωαacωβcb − ( α↔ β ),
Tαβ
a = ∂αeβ
a − ωαabeβb − ( α↔ β ).
In two dimensions one can always parametrize Lorentz connection by a pseudovector
field Bα(ζ)
ωα
ab = Bαǫ
ab, ǫab = −ǫba, ǫ01 = 1. (4)
Then curvature takes the form
Rαβ
ab = Fαβǫ
ab, Fαβ = ∂αBβ − ∂βBα.
In two dimensions curvature tensor is completely defined by the scalar curvature R
and torsion tensor is defined by its trace Ta
Rabcd = −1
2
ǫabǫcdR, R = Rab
ab,
Tab
c = δcaTb − δcbTa, Tb = Taba.
By construction the action (1) is invariant under general coordinate transformations
and local Lorentz rotation. To clarify the meaning of the first class constraints in the
following we need the explicit form of the infinitesimal symmetry transformations of the
fields. Coordinate transformations with infinitesimal parameter δζα = ǫα(ζ) look as
follows
δXµ = −ǫβ∂βXµ,
δeα
a = −∂αǫβeβa − ǫβ∂βeαa,
δe = −∂αǫαe− ǫα∂αe (5)
δωα
ab = −∂αǫβωβab − ǫβ∂βωαab,
δBα = −∂αǫβBβ − ǫβ∂βBα.
Under the Lorentz rotation by the angle ωab = −ωba = ωǫab, ω = −1
2
ωabǫab, the fields
transform in the way
δXµ = 0,
δeα
a = ωabeα
b,
δe = 0, (6)
δωα
a
b = ω
a
cωα
c
b − ωαacωcb + ∂αωab,
δBα = ∂αω.
General coordinate transformations and local Lorentz rotation are parametrized by three
arbitrary functions and are the only local symmetries of the string with dynamical geom-
etry in the Lagrangian approach [14].
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2.2 Equations of motion and the limiting cases
Before elucidating the general case corresponding to nonzero coupling constants in the
action let us say a few words about the limiting cases. Varing the action (1) with respect
to Xµ, Bα, and eα
a one obtains the following equations of motion
∇α∇αXµ − T α∇αXµ = 0, (7)
γ∇αR + βTα = 0, (8)
−β(∇αTβ −∇γT γgαβ + 1
2
TγT
γgαβ)− 1
4
γR2gαβ
+ ρ
(
∇αXµ∇βXµ − 1
2
∇γXµ∇γXµgαβ
)
− λgαβ = 0, (9)
where ∇α denotes the true covariant derivative that acts with the Lorentz connection ωαab
on Latin indices and the corresponding metrical connection Γαβ
γ on the Greek indices from
the beginning of the alphabet. Remember that the Greek indices from the middle of the
alphabet simply enumerate D string coordinates which are scalars under changes of the
coordinates on the string world sheet.
The case ρ = 0 corresponds to pure two-dimensional gravity with torsion. In what
follows we assume that ρ > 0. This choice of the sign ensure positivity of the contributions
from the space string coordinates Xµ, µ 6= 0, to the canonical Hamiltonian.
For γ = 0, equation (8) for the Lorentz connection implies the zero torsion condition
Tαβ
a = 0. Then the cosmological constant must be zero λ = 0 as follows from the trace
of Eq.(9). So in this case equations of motion (7)–(9) are equivalent to the equations of
motion for the ordinary bosonic string.
For β = 0, trace of Eq.(9) yields the constant curvature equation
R2 = −2FαβF αβ = −4λ/γ. (10)
Then Eq.(8) is identically satisfied, and Eqs.(7), (9) reduce to the equations of motion
for the ordinary string for any value of the cosmological constant. Note that in this
case Eq.(9) defines metric gαβ as the one induced by the embedding ξ
α → Xµ. So the
constant curvature equation (10) must be considered with respect to the unknown Lorentz
connection. In general, torsion will differ from zero.
The general solution of pure two-dimensional gravity with torsion contains the constant
curvature and zero torsion sector (the Liouville model) [4, 6]
R2 = −4λ/γ, Tabc = 0. (11)
For this solution Eqs.(7)–(9) reduce to the ordinary equations for the bosonic string with
one additional restriction on the metric. On the one hand Eq.(9) implies that the metric
is induced by the embedding ξα → Xµ. On the other hand the corresponding scalar
curvature must be constant. That is Eq.(7) for string coordinates must be solved for
constant curvature induced metric.
In the present paper definition of the coupling constants β and γ in Lagrangian (3)
differs by the sign from that in my previous papers. This is done because in Section 2.8
we will prove that canonical Hamiltonian for all physical modes of the theory is positive
definite if ρ, γ, β > 0, and λ ≥ 0.
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2.3 Hamiltonian and constraints
The Hamiltonian formulation of the Lagrangian model is the starting point for the canon-
ical quantization procedure. For a given Lagrangian it is very important to choose the
generalized coordinates in a suitable way. Different choices of the coordinates are re-
lated between themselves by the canonical transformations of the corresponding Hamil-
tonian systems, and are completely equivalent from the classical point of view. After
several attempts I have found that more convinient is the Arnowitt, Deser, Misner like
parametrization of the metric [17]
gαβ = g11
( −N20 +N21 N1
N1 1
)
,
where N0
√−g11 and N1 are the lapse and shift functions. Later we will use the conformal
gauge corresponding to N0 = 1 and N1 = 0. The inverse metric has the form
gαβ =
1
g11
 − 1N20 N1N20
N1
N2
0
1− N21
N2
0
 ,
and det gαβ = −N20 g211. In accordance with our choice of the signature we assume that
N0 > 0 and g11 < 0.
The corresponding parametrization of the zweibein is
e0
a = (N0e1
1 +N1e1
0, N0e1
0 +N1e1
1),
e1
a = (e1
0, e1
1),
det eα
a = −N0e1ae1a.
Therefore instead of eα
a one can always choose four functions N0, N1, e1
a as the inde-
pendent variables in the action (1). This is the first canonical transformation used in the
present paper.
Let Xµ, N0, N1, e1
a, and Bα be the generalized coordinates in the phase space of the
string with dynamical geometry. One readily sees that no time derivatives ∂0N0, ∂0N1,
and ∂0B0 enter the Lagrangian. Therefore the corresponding conjugate momenta P0, P1,
and π0 equal zero, and we have three primary constraints
P0 ≈ P1 ≈ π0 ≈ 0, (12)
where approximate equality means that the Poisson brackets should be calculated before
solving the constraints. The nonzero conjugate momenta are
Πµ =
δL
δ(∂0Xµ)
= −ρeg0α∂αXµ (13)
π1a =
δL
δ(∂0e1a)
= βeT 01a = βǫabT
b, (14)
π1 =
δL
δ(∂0B1)
= −2γeF 01 = −γR. (15)
We see that the theory contains 3 primary constraints. This is the minimal number
because each local symmetry of the Lagrangian must be accompanied by one primary
constraint [23].
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After tedious but straightforward calculations one obtains the canonical Hamiltonian
H =
∫
dσ
(
Πµ∂0X
µ + π1a∂0e1
a + π1∂0B1 − L
)
=
∫
dσ (N0H0 +N1H1 +B0χ) , (16)
where
H0 = − 1
2ρ
ΠµΠ
µ − 1
2
ρ∂1Xµ∂1X
µ + g11E − (∂1π1a +B1π1bǫba)ǫace1c, (17)
H1 = Πµ∂1Xµ − (∂1π1a +B1π1bǫba)e1a, (18)
χ = −∂1π1 + π1aǫabe1b, (19)
and we have used the abbreviation
E =
1
2β
π1aπ
1a − 1
4γ
π1π1 − λ. (20)
Equal time Poisson brakets between conjugate variables in points σ and σ′ have the
usual form
{Xµ,Π′ν} = δµν δ(σ − σ′),
{N0, P ′0} = δ(σ − σ′),
{N1, P ′1} = δ(σ − σ′),
{e1a, π′1b} = δab δ(σ − σ′),
{Bα, π′β} = δβαδ(σ − σ′).
Here primes denote the space point at which the variables are considered.
The functions H0, H1, and χ do not depend on N0, N1, and B0. Therefore the
secondary constraints are easily obtained considering equations of motion of primary
constraints
∂0P0 = {P0, H} = −H0 ≈ 0,
∂0P1 = {P1, H} = −H1 ≈ 0, (21)
∂0π
0 = {π0, H} = −χ ≈ 0.
So the theory contains 3 secondary constraints, and the Hamiltonian (16) equals to
their linear combination. Therefore evolution of the secondary constraints is entirely
defined by the Poisson bracket algebra of the constraints. Straightforward calculations
show that the secondary constraints satisfy the following algebra
{H0,H′0} = (H1 +H′1)δ′(σ′ − σ),
{H0,H′1} = (H0 +H′0)δ′(σ′ − σ) +
1
4
g11π
1χδ(σ′ − σ),
{H1,H′1} = (H1 +H′1)δ′(σ′ − σ), (22)
{χ,H′0} = {χ,H′1} = {χ, χ′} = 0,
where primes on constraints denote their argument σ′, while δ′ denotes the derivative of
the δ-function,
δ′(σ′ − σ) = ∂σδ(σ′ − σ).
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It is clear also that the primary constraints commute between themselves and with
the secondary constraints.
So the primary and secondary constraints are of the first class in Dirac’s terminol-
ogy. The Hamiltonial system is in involution, and there is no need to compute tertiary
constraints.
The obtained Hamiltonian equals to the linear combination of the first class con-
straints. This is a common feature of the theories invariant under general coordinate
transformation. In contrast to general relativity all constraints are polinomial in general-
ized coordinates and momenta. This is a particular feature of two dimensions.
Let us briefly discuss the geometrical meaning of the constraints. The integral
QL = −
∫
dσωχ,
where ω is a parameter of local Lorentz rotation, generates correct Lorentz rotation (6)
for the fields e1
a, B1, and X
µ. For example,
δB1 = {B1, QL} = ∂1ω.
In the same way one may check that the integral
Q1 = −
∫
dσǫ1H1
generates coordinate transformations (5) for the same fields with the parameter δζα= ǫ1δα1 .
The integral
Q0 = −
∫
dσǫ0H0
is necessary to generate correct transformation of the time coordinate δζα= ǫ0δα0 . In the
latter case one must exclude time derivatives from (5) using the equations of motion,
which in their turn are defined by the Hamiltonian. We do not discuss this subtle point
here and only note that in the conformal gauge N0 = 1, N1 = B1 = 0 the constraint H0
represents the energy density.
2.4 The algebra of the constraints
The Poisson bracket algebra of the constraints (22) is not a true algebra because there
are structure functions instead of structure constants. Let us pose the question whether
there exists another equivalent set of constraints forming a true algebra? This question
was solved in [13] by considering more general algebra including the momenta besides
the constraints. The algebra was shown to be that of quadratically deformed iso(2, 1)-
algebra. However there does exist the equivalent set of constraints by themselves satisfying
the closed algebra. We show that this algebra is a semidirect sum of the Virasoro algebra
and the one dimensional abelian algebra corresponding to the Lorentz rotation.
Let us define the new set of constraints
H˜0 = H0 +B1χ,
H˜1 = H1 +B1χ, (23)
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the constraint χ being unchanged. Then straightforward calculations show that the new
algebra closes with the structure constants instead of structure functions
{H˜0, H˜′0} = (H˜1 + H˜′1)δ′(σ′ − σ),
{H˜0, H˜′1} = (H˜0 + H˜′0)δ′(σ′ − σ),
{H˜1, H˜′1} = (H˜1 + H˜′1)δ′(σ′ − σ),
{χ, H˜′0} = χ′δ′(σ′ − σ), (24)
{χ, H˜′1} = χ′δ′(σ′ − σ),
{χ, χ′} = 0.
The first three Poisson brackets show that H˜0 and H˜1 form the Virasoro or the conformal
algebra. The abelian constraint χ form an invariant subalgebra under the action of the
Virasoro generators. So the new algebra is a semidirect sum of the Virasoro algebra and
the one-dimensional abelian algebra. This algebra corresponds to the semidirect product
of the conformal symmetry transformations on the Lorentz rotation.
Let us rewrite the algebra (24) in other forms to compare it with the Fourier trans-
formed Virasoro algebra. Introducing generators
H± = 1
2
(H˜0 ± H˜1),
the algebra takes the form
{H+,H′+} = (H+ +H′+)δ′(σ′ − σ),
{H+,H′−} = 0,
{H−,H′−} = −(H− +H′−)δ′(σ′ − σ), (25)
{χ,H′+} = χ′δ′(σ′ − σ),
{χ,H′−} = {χ, χ′} = 0.
We see that the algebra generated by H− completely decouples, and we are left with the
semidirect sum of the algebras generated by H+ and χ.
The asymmetry between H+ and H− is insignificant. If one redifines the generator
H˜0 in (23) using the expression H˜0 = H0 − B1χ and leaves the definition of H˜1 and
H± unchanged, then decoupled is the algebra generated by H+. This shows that the
symmetry between H+ and H− in (25) was broken by the definition (23).
Let us make the Fourier transform
L±m =
∫ pi
−pi
dσH±e−ımσ,
Mm =
∫ pi
−pi
dσχe−ımσ.
Then the algebra looks as follows
{L+m, L+n } = ı(m− n)L+m+n,
{L−m, L−n } = −ı(m− n)L−m+n,
{L+m,Mn} = ımMm+n, (26)
{L+m, L−n } = {L−m,Mn} = {Mm,Mn} = 0.
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Thus we have analysed the algebraic structure of the constraints of the string with
dynamical geometry. The theory contains 6 first class constraints. Three primary first
class constraints are abelian and completely decouple from the algebra, while 3 secondary
first class constraints form the nontrivial generalization of the Virasoro algebra.
2.5 Extra constraint in two-dimensional gravity with torsion
In the case of pure two-dimensional gravity with torsion there is one extra first class
constraint. In this section we assume that the string coordinates are absent.
Direct integration of the equations of motion of two-dimensional gravity with torsion
[6, 7] shows that there is the invariant relation between scalar curvature and torsion(
γ2
β2
R2 + 2
γ
β
R + 2 +
4λγ
β2
+
γ
β
TabcT
abc
)
e−γR/β = A, (27)
where A is an arbitrary constant (integral of motion) defined by the initial data. This
relation holds for any solution of the equations of motion. Comparing (27) with the
definition of the momenta (14) and (15) we see that the integral of motion can be expressed
intirely in terms of the canonical momenta
A = −4γ
β2
(
E +
β
2γ
π1 − β
2
2γ
)
epi
1/β (28)
where E is defined by (20). Because A is the integral of motion and the Hamiltonian
equals to the linear combination of the first class constraints, the expression (28) must be
a first class constraint. Indeed, straightforward calculations yield the following Poisson
brackets
{A,H′+} = 4γ
β3g11
(π1ae1a − π1aǫabe1b)epi1/βH+δ(σ′ − σ)
+
4γ
β3g11
[
g11E − B1(π1ae1a − π1aǫabe1b)
]
epi
1/βχδ(σ′ − σ)
{A,H′−} = 4γ
β3g11
(π1ae1a + π
1aǫabe1
b)epi
1/βH−δ(σ′ − σ)
{A, χ′} = {A,A′} = 0.
At first sight A is an extra independent first class constraint of two-dimensional gravity
with torsion. But this is not so. One may check that its space derivative is the linear
combination of the secondary constraints for Xµ = 0
∂1A =
4γ
β3
(
e1
aǫabπ
1b
g11
H0 + e1aπ
1a
g11
H1 + Eχ
)
epi
1/β (29)
So it does not generate new gauge symmetry [14]. In fact, explicit integrability of the
right hand side of (29) is connected to the integrability of pure two dimensional gravity
with torsion.
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2.6 The second canonical transformation
Having in hand the Hamiltonian theory one can try to quantize it. By this we mean
the explicit construction of the Fock space where all the operators will work. In Ref.[18]
two-dimensional gravity with torsion is quantized using other representation of the oper-
ators with a symmetric ordering of the coordinates and momenta without introduction of
creation and annihilation operators. Hopefully, different schemes of quantization will add
new features to the theory.
To construct the Fock space one needs to introduce creation and annihilation operators.
This can be done in the full nonlinear theory through the coordinates and momenta in the
usual way without referring to the equations of motion. Then all the operators including
the constraints must be supplemented by the normal ordering prescription. At this point
one faces the problem of quantum anomalies because the algebra of the constraints must
be closed also at the quantum level. Remember that in the theory of ordinary bosonic
theory the anomaly exists. It is the central charge of the Virasoro algebra which is
compensated by the ghost contribution in D = 26.
In the case of the string with dynamical geometry the constraints are polinomials of the
fourth order in creation and annihilation operators, and the calculation of the anomalies in
the algebra can be, in principle, performed. But I failed to do this. Either the calculations
become unmanagable or the central charge diverge. This problem forces me to make three
more canonical transformations before the introduction of the creation and annihilation
operators. The first was already done when we chose the canonical coordinates in the
Lagrangian and here we consider the second most important canonical transformation.
To simplify the form of the constraints let us make the second nonlocal canonical
transformation
e1
a, π1a, B1, π
1 → Q,Q⊥, P, P⊥, QB, PB
corresponding to the separation of the longitudinal and transversal part of the zweibein.
The string coordinates and momenta remain unchanged. May be this very peculiar canon-
ical transformation is the most significant technical achievement of the present paper. We
choose the generating function depending on old coordinates and new momenta
F2 = P
e1
a∂1e1a
g11
+ P⊥
e1
aǫab∂1e1
b
g11
− P⊥B1 + PBB1. (30)
Then one can find the expressions for old momenta and new coordinates
π1a =
δF2
δe1a
= −∂1P e1a
g11
− ∂1P⊥e1
bǫba
g11
,
π1 =
δF2
δB1
= −P⊥ + PB,
Q =
δF2
δP
=
e1
a∂1e1a
g11
, (31)
Q⊥ =
δF2
δP⊥
=
e1
aǫab∂1e1
b
g11
− B1,
QB =
δF2
δPB
= B1.
The first of the above equations show that ∂1P and ∂1P⊥ represent the longitudinal and
transversal part of π1a correspondingly. The appearence of the partial derivative ∂1 in
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(31) means that the canonical transformation is nonlocal. It will be shown however that
the nonlocality is inessential when the theory is considered on a cylinder corresponding
to a closed string.
Calculating the right hand side of (31) we use the identity
δ
δe1a
∫
dσ
e1
aǫab∂1e1
b
g11
= 0.
This piculiar identity is proved by direct calculation and is nontrivial because the integrand
is not equal to a total divergence.
The second used identity
δ
δe1a
∫
dσ
e1
a∂1e1a
g11
= 0
is trivial because the integrand is a total divergence
e1
a∂1e1a
g11
=
1
2
∂1 ln(−g11), g11 < 0.
Using Eqs.(31) the constraints can be written in the form
H0 = − 1
2ρ
ΠµΠ
µ − 1
2
ρ∂1Xµ∂1X
µ
+
1
2β
(∂1P )
2 − 1
2β
(∂1P⊥)
2 − ∂1PQ⊥ − ∂1P⊥Q+ ∂21P⊥ −
1
4γ
g11(P⊥ − PB)2 − λg11,
H1 = Πµ∂1Xµ − ∂1PQ− ∂1P⊥Q⊥ + ∂21P, (32)
χ = −∂1PB.
The constraint H0 is quadratic in the fields except the linear term and two last terms
containing nonpolinomial space component of the metric
g11 = − exp
(
2
∫ σ
σ0
dσ′Q(τ, σ′)
)
. (33)
This is the consequence of the nonlocality of the canonical transformation. The constant
of integration σ0 is just the point where g11= −1. So at this point the unit of space
length is chosen to be unity at every moment of time. The second constraint H1 contains
quadratic and one linear terms. The last constraint χ is linear.
To clarify the geometric meaning of the second canonical transformation let us paramet-
rize the zweibein components e1
a by the Lorentz angle ω and the conformal factor eϕ >
0, where ϕ(ξ) is a ”scalar” field. Indeed, e1
a is a Lorentz vector and can be always
parametrized as follows
e1
a = eϕ(na coshω + ǫabnb sinhω), g11 = −e2ϕ. (34)
where na is a fixed spacelike vector of unit length nana = −1. Then Eqs.(31) imply
Q = ∂1ϕ, Q⊥ = ∂1ω. (35)
So longitudinal and transversal components Q, Q⊥ are parametrized by the comformal
factor and the Lorentz angle. The important point is that the initial theory is invariant
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under local Lorentz rotation. This sugests that the modes corresponding to Q⊥, P⊥ are
unphysical and can be always gauged away.
The second canonical transformation is not a one-to-one transformation. The first
equation (31) shows that P and P⊥ are defined through the original coordinates and
momenta up to an addition of arbitrary constants. So dealing with new canonical variables
one can add arbitrary constants to P and P⊥ and the corresponding constant to PB
without changing the initial theory. This freedom will be used in the following section.
At the same time the new set of canonical variables also does not uniquely define the
original coordinates. The conformal factor ϕ and the Lorentz angle ω are defined by (35)
up to an arbitrary constants too.
2.7 Fixing of the gauge
According to a general prescription one can introduce creation and annihilation operators
for all fields describing both physical and unphysical degrees of freedom. Then one must
check whether the algebra of the constraints is satisfied at the quantum level too.
String with dynamical geometry is described by D + 6 pairs of canonically conjugate
variables. Six first class constraints together with six gauge conditions can be used to
eliminate 6 unphysical degrees of freedom. So the string with dynamical geometry contains
D physical degrees of freedom.
To quantize the model we use the gauge freedom only partially. Namely, we eliminate
4 unphysical degrees of freedom explicitly and leave 2 unphysical degrees of freedom and 2
first class constraints satisfying the pure Virasoro algebra. This has been done to simplify
the quantization procedure and to be as close to the ordinary bosonic string theory as
possible.
The extended Hamiltonian of the string with dynamical geometry equals to the linear
combination of all constraints
HE =
∫
dσ(v0P0 + v1P1 + vπ
0 + u0H0 + u1H1 + uχ), (36)
where v0, v1, v, u0, u1, u are Lagrange multiplyers. According to a general prescription one
can choose one gauge condition for every first class constraint. Every gauge condition
together with the corresponding first class constraint must form a pair of second class
constraints.
Consider 3 primary first class constraints (12). We choose the conformal gauge for the
metric
N0 = 1, N1 = 0, (37)
and fix the time component of the Lorentz connection
B0 = const. (38)
Gauge conditions (37) and (38) clearly make a pairs of second class constraints with the
primary constraints. They must be also preserved in time. The corresponding equations
of motion are
∂0N0 = {N0, HE} = v0,
∂0N1 = {N1, HE} = v1,
∂0B0 = {B0, HE} = v.
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So the gauge choice (37) and (38) fixes 3 Lagrange multipliers in the extended Hamiltonian
v0 = v1 = v = 0.
Now we consider the remaining degree of freedom of the Lorentz connection described
by QB and PB. Equations of motion for these variables are
∂0QB =
1
2
u0g11(PB − P⊥) + ∂1u, (39)
∂0PB = −(u0 + u1)χ. (40)
We choose the following gauge condition
QB = const (41)
It forms a pair of second class constraints with the secondary constraints H0 and χ. The
constraint χ = 0 together with the equation of motion (40) yields
PB = cB = const, (42)
where cB is an arbitrary constant. As was noted in the preceeding section addition of
arbitrary constant to PB and the corresponding constant to P⊥ does not change the initial
theory. So without loss of generality we set cB = 0.
The gauge condition (41) must be consistent with the equation of motion (39). This
defines the Lagrange multiplier u in terms of u0
1
2
u0g11(PB − P⊥) + ∂1u = 0. (43)
The corresponding Hamiltonian reads
ĤE =
∫
dσ(u0Ĥ0 + u1H1), (44)
where the hatted constraint Ĥ0 is obtained from the initial constraint H0 by setting
PB = 0
Ĥ0 = − 1
2ρ
ΠµΠ
µ − ρ
2
∂1Xµ∂1X
µ
+
1
2β
(∂1P )
2 − 1
2β
(∂1P⊥)
2 − ∂1PQ⊥ − ∂1P⊥Q+ ∂21P⊥ − g11
(
1
4γ
P 2⊥ + λ
)
.
The constraints Ĥ0 and H1 as well as H0 and H1 form precisely the Virasoro algebra
{Ĥ0, Ĥ′0} = (H1 +H′1)δ′(σ′ − σ),
{Ĥ0,H′1} = (Ĥ0 + Ĥ′0)δ′(σ′ − σ),
{H1,H′1} = (H1 +H′1)δ′(σ′ − σ).
In this way we eliminate 4 unphysical degrees of freedom using 4 gauge conditions and
4 constraints. Four of the Lagrange multipliers are also fixed by the requirement of the
consistency of the gauge conditions with the equations of motion. The net result is that
we are left with D + 2 degrees of freedom (Xµ,Πµ), (Q,P ), and (Q⊥, P⊥) subjected to
two first class constraints satisfying the Virasoro algebra.
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2.8 The third canonical transformation and positive definiteness
of the Hamiltonian
Although we considerably simplify the form of the constraints and reduce their number
from 6 to 2 we are still unable to provide quantization. Therefore we will make the third
canonical transformation
Q,P,Q⊥, P⊥ → q, p, q⊥, p⊥
which has the peculiar feature that the quadratic part of the resulting constraints precisely
coinsides with the constraints of an ordinary bosonic string.
Let us choose the generating function
F3 = −∂1Pq − ∂1P⊥q⊥ + βq⊥∂1q
depending on the old momenta and new coordinates. It is also nonlocal and connects old
and new variables
Q = −δF3
δP
= −∂1q,
Q⊥ = − δF3
δP⊥
= −∂1q⊥,
p = −δF3
δq
= ∂1P + β∂1q⊥, (45)
p⊥ = −δF3
δq⊥
= ∂1P⊥ − β∂1q.
Then the factor g11 in the constraints again becomes local
g11 = −e2
∫
Q = −e−2q,
the constant of integration being inessential because it can be always normalized by
choosing the appropriate value of σ0 in (33). At the same time there arises other nonlocal
quantity in the constraint Ĥ0 expressed through the new variables
P⊥ =
∫ σ
dσ′(p′⊥ + β∂
′
1q
′) =
∫ σ
σ2
dσ′p⊥(σ
′) + βq, (46)
with some integration constant σ2.
The third canonical transformation by itself is not a one-to-one transformation too.
However, the combination of the second and the third canonical transformation yields a
one-to-one transformation for zweibein e1
a,π1a→q,q⊥,p,p⊥ up to unessential addition of
arbitrary constants to q and q⊥.
Comparing Eqs.(45) and (35) one finds the geometric meaning of the new variables.
Coordinates q and q⊥ up to a constant coinside with the conformal factor ϕ and the angle
ω of e1
a in (34).
In terms of the new canonical variables the constraints read
Ĥ0 = − 1
2ρ
ΠµΠ
µ − ρ
2
∂1Xµ∂1X
µ +
1
2β
p2 +
β
2
(∂1q)
2 − 1
2β
p2⊥ −
β
2
(∂1q⊥)
2
+ ∂1p⊥ + β∂
2
1q + e
−2q
(
1
4γ
P 2⊥ + λ
)
, (47)
H1 = Πµ∂1Xµ + p∂1q + p⊥∂1q⊥ + ∂1p− β∂21q⊥. (48)
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This form of the constraints deserves some discussion. It is quite suprising that the
quadratic parts of the constraints (47), (48) precisely coinside with the string part of
the constraints. Besides there are also linear terms and the exponential term. The last
is nonlocal because of the presence of P⊥ defined by (46). It is worth mensioning that
constraints (47) and (48) look very similar to the constraints obtained in [15] where the
string with dynamical geometry was canonically formulated after fixing the conformal
guage in the equations of motion. It is not surprising because the coordinate q coinsides
with the Liouville mode. I fact one can show that constraints (47) and (48) are connected
with the constraints in Ref. [15] by canonical transformation.
Let us set for a moment q⊥ = p⊥ = 0 naively excluding the unphysical mode from the
theory. Then the constraints read
Ĥ0 = − 1
2ρ
ΠµΠ
µ − ρ
2
∂1Xµ∂1X
µ
+
1
2β
p2 +
β
2
(∂1q)
2 + β∂21q + λe
−2q +
β2
4γ
q2e−2q (49)
H1 = Πµ∂1Xµ + p∂1q + ∂1p. (50)
This form of the constraints up to the last term in (49) coinsides with the constraints in the
string theory coupled to the Liouville field [24, 25, 26, 27]. Even the linear ”improvement”
term which was originally added to the Liouville part of the constraints by hand appears
here automatically. At the same time the string with dynamical geometry is more general.
The constraints (47) and (48) which quantum algebra will be elucidated in the second
part of the paper depend from two fields q and q⊥ instead of one Liouville mode. This
yields more freedom in the construction of the Fock space representation and there does
exist such representation where exponential operators commute.
It is worth mentioning that the form of the constraints (49), (50) closely reminds the
σ-model approach to the bosonic string. Indeed, one can consider q and q⊥ as two extra
components of the string. The corresponding D+2 dimensional string moves in a curved
embedding manifold with two timelike coordinates. The difference is that instead of p⊥
one has its primitive in the exponent term.
We note that in four dimensions algebra of the constraints in general relativity is quite
similar to the Virasoro algebra and one readily finds their stringy quadratic representation
which is similar to the constraints in the membrane model. I suppose that there also exists
the canonical transformation when the quadratic part of the constraints will have precisely
the form of the string constraints. May be this approach will yeild consistent Fock space
representation of the constraints in quantum gravity.
New form of the constraint (47) allows one to make an important conclusion. Namely,
one of the most crucial point in quantum field theory is positive definiteness of the canon-
ical Hamiltonian for physical modes. In the case of the string with dynamical geometry
it is given by Ĥ0. We readily see that string space coordinates X i, i = 1, . . . , D− 1, yield
positive contributions if and only if ρ > 0. As noted in Sect.2.6 the variables q⊥, p⊥ can
be always gauged away and are unphysical. We see that the rest of the Hamiltonian is
positive definite if β, γ > 0, λ ≥ 0. To prove this one has only to absorb the linear term
into the quadratic one, for example, in the momentum representation. Thus we showed
that for
ρ, β, γ > 0, λ ≥ 0, (51)
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the canonical Hamiltonian is positive definite for all physical modes. This statement is
quite untrivial if one deals with the Hamiltonian H0 in the initial representation (17).
At the end of the first part of this paper we will make the final fourth one-to-one
canonical transformation
q, q⊥, p, p⊥ → q±, p±.
It is linear and defined by the generating function
F4 = − 1√
2
(q+ + q−)p− 1√
2
(q+ − q−)p⊥,
depending on the old momenta and new coordinates. Corresponding transformation for-
mulas read
q+ =
1√
2
(q + q⊥), p
+ =
1√
2
(p+ p⊥),
q− =
1√
2
(q − q⊥), p− = 1√
2
(p− p⊥).
The new variables precisely coinside with the familiar light cone variables in the string
theory. One can readily write down the constraints in terms of q± and p±. They will
be considered in the next part of the paper. In this way we obtained the Hamiltonian
formulation of the string with dynamical geometry suitable for quantization. I hope the
reader is convinced that it is not so trivial.
3 Canonical quantization
Canonical quantization means that instead of the generalized coordinates and the conju-
gate momenta we must introduce noncomuting operators acting in some representation
space. As usual for quantum field theory, we will construct the Fock space using the cre-
ation and annihilation operators and assume the normal ordering prescription for those
operators which are nonlinear in coordinates and momenta. Next we compute explicitly
the algebra of the quantum constraints and prove that two-dimensional gravity with tor-
sion by itself is anomaly free, that is there are no extra terms as compared to the classical
Poisson bracket algebra. So the central charge in the Virasoro algebra arise only from the
string coordinates. Let us note that the ghost contribution does not taken into account
in the present paper.
To the end of this paper we consider a closed string, that is all the fields are assumed
to be periodic in space coordinate σ with the period 2π. For definiteness we consider the
interval −π < σ < π.
The scheme of quantization is usual. We expand all the fields in Fourier series, in-
troduce creation and annihilation operators, construct the Fock space, find the normal
ordered expressions for the Virasoro operators, and finally compute the quantum Virasoro
algebra.
3.1 The Fock space
Here we introduce the creation and annihilation operators and construct the Fock space
for the string with dynamical geometry. To avoid the problems arising from the space de-
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pendence of the basic operators in the theory we define creation and annihilation operators
for the Fourier transforms of the fields.
The Fourier transform is defined as follows
Xµ =
1√
2π
∞∑
k=−∞
Xµk e
ıkσ, Xµk =
1√
2π
∫ pi
−pi
dσXµe−ıkσ,
Πµ =
1√
2π
∞∑
k=−∞
Πµke
ıkσ, Πµk =
1√
2π
∫ pi
−pi
dσΠµe−ıkσ,
q± =
1√
2π
∞∑
k=−∞
q±k e
ıkσ, q±k =
1√
2π
∫ pi
−pi
dσq±e−ıkσ,
p± =
1√
2π
∞∑
k=−∞
p±k e
ıkσ, p±k =
1√
2π
∫ pi
−pi
dσp±e−ıkσ.
It is clear that Xµ−k = (X
µ
k )
∗ where the star denotes complex conjugate. Similar relations
hold for all other components.
The Fourier components satisfy the following nonvanishing Poisson bracket relations
{Xµk ,Πνl} = δµν δk,−l,
{q+k , p+l } = {q−k , p−l } = δk,−l. (52)
To construct the quantum theory we replace the components of the fields by the opera-
tors which satisfy the canonical commutation relations obtained from the Poisson brackets
by the replacement {. . .} → −i[. . .] where square brackets denote the commutator. Then
the canonical commutation relations have the form
[Xµk ,Πνl] = ıδ
µ
ν δk,−l,
[q+k , p
+
l ] = [q
−
k , p
−
l ] = ıδk,−l, (53)
all other commutators vanishing.
Let us introduce the annihilation and creation operators for nonzero modes k 6= 0
aµk =
1√
2
√ρ|k|Xµk − i√
ρ|k|
Πµk
 , (54)
a∗µk =
1√
2
√ρ|k|Xµ−k + i√
ρ|k|
Πµ−k
 , (55)
ak =
1√
2
√β|k|q+k + ı√
β|k|
p+k
 , (56)
a∗k =
1√
2
√β|k|q+−k − ı√
β|k|
p+−k
 , (57)
bk =
1√
2
√β|k|q−k − ı√
β|k|
p−k
 , (58)
b∗k =
1√
2
√β|k|q−−k + ı√
β|k|
p−−k
 . (59)
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Here and below the star denotes Hermitian conjugation of the operators.
Creation and annihilation operators for the string coordinates (54) and (55) are in-
troduced in the usual way. This is done to show how the central charge arises and for
comparison with the latter construction. In section 3.6 we show how to introduce an-
other set of creation and annihilation operators producing no anomaly for X0 and X1
components of the string.
The zero modes of the string are treated in the Schro¨dinger coordinate representation.
They act in the space of functions of Xµ0 . That is the zero modes X
µ
0 act as the ordinary
multiplication on Xµ0 while the momenta act as the differention
Πµ0 = −i ∂
∂Xµ0
.
This representation of the zero modes of the string is justified by the physical interpreta-
tion. Indeed, the zero modes Xµ0 and Πµ0 describe the position of the centre of mass and
the total momentum of the string. Therefore their treating in the Schro¨dinger picture is
similar to that of a point particle and describe the motion of the string as a whole in the
embedding space. At the same time the creation operators a∗µk , k 6= 0, describe the exited
states corresponding to the oscillations of the string.
The zero modes q±0 and p
±
0 are treated in another way. We introduce for them the
creation and annihilation operators as well as for nonzero modes
a0 =
1√
2
(√
βq+0 +
ı√
β
p+0
)
, (60)
a∗0 =
1√
2
(√
βq+0 −
ı√
β
p+0
)
, (61)
b0 =
1√
2
(√
βq−0 −
ı√
β
p−0
)
, (62)
b∗0 =
1√
2
(√
βq−0 +
ı√
β
p−0
)
. (63)
These relations are obtained from those for nonzero modes by setting k = 1 in the right
hand sides of (56)–(59).
This is the usual treatment of zero modes in quantum field theory. For example, in the
scalar field theory or quantum electrodynamics the creation and annihilation operators
are introduced for all modes including the zero ones. In our case the operators a∗0 and b
∗
0
create the exited states of constant metric while the operators a∗k and b
∗
k, k 6= 0, create
the states with the metric oscillating around some constant value.
At the beginning I treated the zero modes q±0 and p
±
0 in the Schro¨dinger picture like
they are usually treated in the quantum Liouville theory. Both treatments yield the
quantum theories free from anomalies. Therefore the treatment of zero modes concerns
only the physical interpretation.
The formulas inverse to (54)–(63) expressing the Fourier components through the
creation and annihilation operators look as follows
Xµk =
1√
2ρ|k|
(aµk + a
∗µ
−k), (64)
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Πµk = ı
√
ρ|k|
2
(aµk − a∗µ−k), (65)
q+k =
1√
2β|k|
(ak + a
∗
−k), (66)
p+k = −ı
√
β|k|
2
(ak − a∗−k), (67)
q−k =
1√
2β|k|
(bk + b
∗
−k), (68)
p−k = ı
√
β|k|
2
(bk − b∗−k), (69)
for k 6= 0 and
q+0 =
1√
2β
(a0 + a
∗
0), (70)
p+0 = −ı
√
β
2
(a0 − a∗0), (71)
q−0 =
1√
2β
(b0 + b
∗
0), (72)
p−0 = ı
√
β
2
(b0 − b∗0), (73)
for zero modes.
Annihilation and creation operators satisfy the canonical commutation relations
[aµk , a
∗ν
l ] = −ηµνδk,l, (74)
[ak, a
∗
l ] = δk,l, (75)
[bk, b
∗
l ] = −δk,l, (76)
all other commutators vanishing. In formulas (75) and (76) the indices may take zero
values.
Let us note the difference in the introduction of annihilation and creation operators.
The operators ak and a
∗
k satisfy the same commutation relation as the operators a
i
k and
a∗ik , i = 1, . . . , D− 1, corresponding to the space string components. Operators bk and b∗k
are similar to a0k and a
∗0
k corresponding to the time component of the string. Note that
in the definitions (54), (55) the momenta enter with the upper Greek index whereas the
momenta conjugate to Xµ (13) have lower index. So for the space components Πi = −Πi
the definition (54) has the same form as (56). This difference is obvious if one introduces
annihilation and creation operators for p⊥ and p because p⊥ yields negative contribution to
the energy of the string and thus must produce indefinite metric in the Fock space. Going
from p⊥, p to p± one can choose either the definition (56), (58) or similar definitions with
q+, p+ and q−, p− interchanged. In fact, the only essential point is that the commutators
(75), (76) have opposite signs.
The vacuum |0 > is defined as follows
aµk |0 >= ak|0 >= bk|0 >= 0
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for all annihilation operators. By definition it does not depend on Xµ0
Πµ0|0 >= 0.
The eigenstates with total momentum kµ are defined as usual
|0, kµ > = eikµX
µ
0 |0 >,
Πµ0|0, kµ > = kµ|0, kµ > .
The exited states of the Fock space are defined by the action of a number of the
creation operators on the vacuum with the corresponding normalization factors
|N1, N2, . . . , kµ >= 1√
N1!
(A∗1)
N1
1√
N2!
(A∗2)
N2 . . . |0, kµ >,
where A∗K , K = 1, 2, . . . denotes one of the infinite set of the creation operators {A∗K} =
{a∗µk , a∗k, b∗k}. These vectors are normalised as follows
< k′µ, N
′
1, N
′
2, . . . |N1, N2, . . . , kµ >= ±δN1,N ′1δN2,N ′2 . . . (2π)DδD(kµ − k′µ),
where the integration over Xµ0 is understood.
So we have constructed the Fock space. It has indefinite metric because the action
of an odd number of the creation operators a∗0k and b
∗
k yields negative norm states. In
the present paper we do not adress the important question of elimination of these states
from the physical spectrum and concentrate our attention on the quantum algebra of the
constraints.
The constraints are quadratic in Xµ, Πµ, p
±, and are nonpolinomial in q± because of
the presence of the exponent term. To obtain from them the Hermitian operators acting
in the Fock space we adopt the normal ordering prescription denoted by colons. That is
all creation operators should be written on the left. In the next sections we compute the
quantum algebra of the constraints.
3.2 The quantum constraints
This is a preparatory section containing the expressions of the constraints through cre-
ation and annihilation operators and the expressions for various contractions used in the
following calculations.
To make the computations managable let us divide the constraints into 8 pieces
H+ = H+X +H+(1) +H(ab) +H(aa) +H(bb) +H(exp), (77)
H− = H−X +H−(1) +H(ab) −H(aa) −H(bb) +H(exp). (78)
Here H±X are the familiar quadratic constraints for a string coordinates
H±X = − :
1
4
(
1√
ρ
Πµ ∓√ρ∂1Xµ
)(
1√
ρ
Πµ ∓√ρ∂1Xµ
)
:, (79)
where colons denote the normal ordering. The terms H±(1) are linear in q± and p±
H+(1) =
1√
2
∂1p
+ +
1√
2
β∂21q
−, (80)
H−(1) = −
1√
2
∂1p
− +
1√
2
β∂21q
+, (81)
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and there is no need of normal ordering. The term H(ab) is quadratic and contains only
the mixed products of q+, p+ and q−, p−
H(ab) = 1
2β
: p+p− : +
β
2
: ∂1q
+∂1q
− : . (82)
The terms H(aa) and H(bb) are also quadratic but contain creation and annihilation oper-
ators of one kind
H(aa) = 1
2
: p+∂1q
+ :, (83)
H(bb) = 1
2
: p−∂1q
− : . (84)
The exponent term
H(exp) = 1
2
: e−
√
2(q++q−)
[
1
4γ
P 2⊥ −
1
4γ
c2B + λ
]
: (85)
is defined by the corresponding Taylor series.
The terms H(ab) and H(exp) are common for H+ and H−, while the terms H(aa) and
H(bb) enter with different signs.
At the classical level the constraints (77) and (78) satisfy the Virasoro algebra. Now the
constraints become nonlinear operators and we must compute their quantum algebra. As
in the case of ordinary bosonic string we compute the algebra of the Fourier transformed
constraints. Using the definition of creation and annihilation operators (54)–(63) one
readily finds the explicit expressions for the coordinates and momenta
Xµ =
1√
2π
Xµ0 +
1√
4πρ
∞∑
k=1
1√
k
[
(aµk + a
∗µ
−k)e
ıkσ + (aµ−k + a
∗µ
k )e
−ıkσ
]
, (86)
Πµ =
1√
2π
Πµ0 + ı
√
ρ
4π
∞∑
k=1
√
k
[
(aµk − a∗µ−k)eıkσ + (aµ−k − a∗µk )e−ıkσ
]
, (87)
q+ =
1√
4πβ
(a0 + a
∗
0) +
1√
4πβ
∞∑
k=1
1√
k
[
(ak + a
∗
−k)e
ıkσ + (a−k + a
∗
k)e
−ıkσ
]
, (88)
p+ = −ı
√
β
4π
(a0 − a∗0)− ı
√
β
4π
∞∑
k=1
√
k
[
(ak − a∗−k)eıkσ + (a−k − a∗k)e−ıkσ
]
, (89)
q− =
1√
4πβ
(b0 + b
∗
0) +
1√
4πβ
∞∑
k=1
1√
k
[
(bk + b
∗
−k)e
ıkσ + (b−k + b
∗
k)e
−ıkσ
]
, (90)
p− = ı
√
β
4π
(b0 − b∗0) + ı
√
β
4π
∞∑
k=1
√
k
[
(bk − b∗−k)eıkσ + (b−k − b∗k)e−ıkσ
]
. (91)
We will also need the expression for the nonlocal field
P⊥ =
1√
2
∫ σ
σ0
dσ′(p+ − p−)− β√
2
(q+ + q−) =
1√
2
(r+ − r−)− β√
2
(q+ + q−),
entering H(exp). Here nonlocal fields r± =
∫ σ
σ0
dσ′p± have the form
r+ = −ı
√
β
4π
(a0 − a∗0)(σ − σ˜) (92)
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−
√
β
4π
∞∑
k=1
1√
k
[
(ak − a∗−k)eıkσ − (a−k − a∗k)e−ıkσ
]
,
r− = ı
√
β
4π
(b0 − b∗0)(σ − σ˜) (93)
+
√
β
4π
∞∑
k=1
1√
k
[
(bk − b∗−k)eıkσ − (b−k − b∗k)e−ıkσ
]
,
where σ˜ is the redifined integration constant. We see that nonlocality of the canonical
transformation (30) is in fact inessential when considering the theory of closed strings. It
enters only through the factor (σ−σ˜) that does not yield any difficulty in the calculations.
To perform calculations we will widely use the Wick theorem and therefore we in-
troduce the contraction of two linear operators ϕ and χ as the difference between their
product and the corresponding result in normally ordered form
ϕχ = ϕχ− : ϕχ : .
Then one easily finds the contractions for nonzero modes
akq
+ = q+a∗−k = −bkq− = −q−b∗−k =
1√
4πβk
e−ıkσ, (94)
a−kq+ = q+a∗k = −b−kq− = −q−b∗k =
1√
4πβk
eıkσ, (95)
− akr+ = r+a∗−k = −bkr− = r−b∗−k =
√
β
4πk
e−ıkσ, (96)
a−kr+ = −r+a∗k = b−kr− = −r−b∗k =
√
β
4πk
eıkσ, (97)
where k > 0. We will also use the contractions of zero modes
a0q
+ = q+a∗0 = −b0q− = −q−b∗0 =
1√
4πβ
, (98)
a0r
+ = −r+a∗0 = b0r− = −r−b∗0 = ı
√
β
4π
(σ − σ˜). (99)
The Virasoro generators are equal to the sums of the following operators
L+Xm = ı
√
m
2ρ
Πµ0a
∗µ
−m +
1
2
m−1∑
k=1
√
k(m− k)a∗µ−ka∗µ−m+k
−
∞∑
k=1
√
k(m+ k)a∗µ−m−ka
µ
−k, (100)
L−Xm = −ı
√
m
2ρ
Πµ0a
µ
m +
1
2
m−1∑
k=1
√
k(m− k)aµkaµm−k
−
∞∑
k=1
√
k(m+ k)a∗µka
µ
m+k, (101)
L+(1)m = m
√
πβm
2
(am − a∗−m − bm − b∗−m), (102)
24
L−(1)m = −m
√
πβm
2
(am + a
∗
−m − bm + b∗−m)], (103)
L(ab)m =
√
m
4
(a0bm + amb0 − a∗0bm − a∗−mb0 − b∗0am − b∗−ma0 + a∗0b∗−m + a∗−mb∗0)
− 1
2
m−1∑
k=1
√
k(m− k)(a∗−kbm−k + b∗−kam−k)
+
1
2
∞∑
k=1
√
k(m+ k)(a−kbm+k + am+kb−k + a
∗
kb
∗
−m−k + a
∗
−m−kb
∗
k), (104)
L(aa)m =
√
m
4
(a0am − a∗0am + a∗−ma0 − a∗0a∗−m)
+
1
4
m−1∑
k=1
√
k(m− k)(akam−k − a∗−ka∗−m+k)
+
1
2
∞∑
k=1
√
k(m+ k)(a∗−m−ka−k − a∗kam+k), (105)
L(bb)m = −
√
m
4
(b0bm − b∗0bm + b∗−mb0 − b∗0b∗−m)
− 1
4
m−1∑
k=1
√
k(m− k)(bkbm−k − b∗−kb∗−m+k)
− 1
2
∞∑
k=1
√
k(m+ k)(b∗−m−kb−k − b∗kbm+k), (106)
L(exp)m =
∫ pi
−pi
dσ : Hexp : e−ımσ. (107)
The last expression for L(exp)m cannot be written as the sum of creation and annihi-
lation operators in compact form. Nevertherless calculations can be easily performed in
the integral representation.
For m = 1 finite sums in (100), (101), (104), (105), and (106) are absent.
For m = 0 the Virasoro constraints have the form
L+0 = −
1
4ρ
Πµ0Π
µ
0 −
∞∑
k=1
ka∗µ−ka
µ
−k +
1
4
(a0b0 − a∗0b0 − b∗0a0 + a∗0b∗0)
+
1
2
∞∑
k=1
k(a−kbk + akb−k + a
∗
kb
∗
−k + a
∗
−kb
∗
k)
−1
2
∞∑
k=1
k(a∗kak − a∗−ka−k − b∗kbk + b∗−kb−k) +
∫ pi
−pi
dσ : H(exp) :,
L−0 = −
1
4ρ
Πµ0Π
µ
0 −
∞∑
k=1
ka∗µka
µ
k +
1
4
(a0b0 − a∗0b0 − b∗0a0 + a∗0b∗0)
+
1
2
∞∑
k=1
k(a−kbk + akb−k + a
∗
kb
∗
−k + a
∗
−kb
∗
k)
+
1
2
∞∑
k=1
k(a∗kak − a∗−ka−k − b∗kbk + b∗−kb−k) +
∫ pi
−pi
dσ : H(exp) : .
Of course, arbitrary constants can be added to L±0 due to an ambiquity in the operator
ordering. We drop this possibility at present because we will not discuss in detail the
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physical interpretation of the Fock space in the present paper. The constraint L0 then
reads
L0 = L
+
0 + L
−
0 = −
1
2ρ
Πµ0Π
µ
0 −
∞∑
k=1
k(a∗µka
µ
k + a
∗
µ−ka
µ
−k)
+
1
2
(a0b0 − a∗0b0 − b∗0a0 + a∗0b∗0)
+
∞∑
k=1
k(a−kbk + akb−k + a
∗
kb
∗
−k + a
∗
−kb
∗
k) + 2
∫ pi
−pi
dσ : H(exp) : . (108)
Its quadratic part corresponding to q± is undiagonal and yields the problem of interpre-
tation of the states. We briefly discuss this point at the end of Section 3.6. Here we note
that the constructed Fock space contains two unphysical modes besides the physical ones
and L0 is not the energy of the string but just the constraint. Therefore one has no reason
for the diagonality of L0.
Expressions for the operators with negative m < 0 are easily obtained from those of
positive m > 0 by Hermitian conjugation
L−m = (Lm)
∗.
They are not written down explicitly for the sake of space.
So we got expressions for all terms entering the Virasoro constraints. The terms L±(1)m
are linear, while L±Xm, L(ab)m, L(aa)m, L(bb)m are belinear in creation and annihilation
operators. The exponent term L(exp)m is nonpolinomial and is understood as the normally
ordered power series.
3.3 General remark
Here we make the general remark concerning calculations of commutators of quantum
operators. Suppose we have two polynomial operators : pNn q
M
m : and : p
K
k q
L
l : written as
the normally ordered product on canonical coordinates qm, ql and conjugate momenta pn,
pk. Here N , M , K, and L denote the corresponding powers.
Classical expressions of these operators have the following Poisson bracket
{pNn qMm , pKk qLl } =MKpNn qM−1m pK−1k qLl δm,−k −NLpN−1n qMm pKk qL−1l δn,−l,
where for definitness we used the basic Poisson brackets (52).
Let us consider the commutator[
: pNn q
M
m :, : p
K
k q
L
l :
]
. (109)
Due to the Wick theorem the right hand side of this commutator contains normal products
with zero number of contraction, single contractions, double contractions, and so on. If
there were no contractions then the operators would commute. If there were only single
contractions then one would obtain exactly the classic result multiplied by ı. Indeed,
consider all terms in the right hand side of (109) containing single contractions
[
: pNn q
M
m :, : p
K
k q
L
l :
]
(1)
= NK : pN−1n q
M
m p
K−1
k q
L
l :
(
pnpk − pkpn
)
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+NL : pN−1n q
M
m p
K
k q
L−1
l :
(
pnql − qlpn
)
+MK : pNn q
M−1
m p
K−1
k q
L
l :
(
qmpk − pkqm
)
+ML : pNn q
M−1
m p
K
k q
L−1
l :
(
qmql − qlqm
)
, (110)
where superscript (1) denotes that only single contractions are used in the Wick theorem
and where elementary contractions are given by
pnpk =
β|n|
2
δn,−k,
pnql = − ı
2
δn,−l,
qlpn =
ı
2
δn,−l,
qmql =
1
2β|m|δm,−l,
For definitness but without loss of generality we consider here the contractions for q+k and
p+k (66), (67). Then the first and the last terms in (110) dissappear and one is left with
the classic result[
: pNn q
M
m :, : p
K
k q
L
l :
]
(1)
= ıMK : pNn q
M−1
m p
K−1
k q
L
l : δm,−k − ıNL : pN−1n qMm pKk qL−1l : δn,−l.
It is clear that no extra terms as compared to the classical result appear if only
single contractions are taken into account. Thus single contractions exactly reproduce
the classical Poisson bracket relations up to the factor ı. This result is readily generalised
to arbitrary polinomials in q, p.
The terms containing two or more contractions yield the quantum corrections. If at
the classical level some set of nonlinear operators obeyed the closed Poisson bracket alge-
bra, then at the quantum level this algebra could be broken by the quantum corrections
producing the anomaly. A set of first class constraints reflects the gauge symmetry of the
action and the existence of anomaly means that the symmetry is broken at the quantum
level. The famous example of such a theory is the ordinary bosonic string where the
conformal symmetry is broken by the central charge of the Virasoro algebra arising from
double contractions in the Wick theorem. In critical dimension D = 26 the central charge
can be compensated in the enlarged Fock space by ghost modes.
To compute the anomaly we must consider only the terms containing two or more con-
tractions. In the following sections we show that in spite of the nonpolinomial constraints
in the theory of the string with dynamical geometry the only anomaly is the anomaly of
ordinary bosonic string. The computation will be devided in two parts. First, we will
consider the diagonal terms and next the crossterms in the commutators.
3.4 Diagonal terms
Let us consider the commutators of L±Xm, L(ab)m, L(aa)m, L(bb)m, and L(exp)m with them-
selves. The operators L±(1)m are linear and due to the general remark their commutators
produce no anomalous terms. Therefore they are not considered in what follows.
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Consider the commutator
[L+Xm, L
+
Xn].
The terms containing one creation and one annihilation operators do not produce any
anomaly because one of the two contractions is always zero. So double contractions can
arise only within the terms included in the finite sum (100). For m,n ≥ 0 there are no
double contractions and therefore the anomaly is absent. The commutator
[L+Xm, L
+
X−n],
where m,n > 0 does contain double contractions arising from the finite sums
[L+Xm, L
+
X−n]
(2)
=
1
4
[
m−1∑
k=1
√
k(m− k)a∗µ−ka∗µ−m+k,
n−1∑
l=1
√
l(n− l)aν−laν−n+l
]
(2)
= −1
4
m−1∑
k=1
n−1∑
l=1
√
k(m− k)l(n− l)
[
aν−la∗µ−ka
ν
−n+la
∗µ
−m+k + aν−la
∗µ
−m+ka
ν
−n+la
∗
µ−k
]
= −D
2
m−1∑
k=1
k(m− k)δm,n = −D
12
m(m2 − 1)δm,n. (111)
This is the famous expression for the central charge in the Virasoro algebra. The zero
modes do not change its value irrespective of their normal ordering prescription because
L+Xm does not contain X
µ
0 .
The same calculations yield the central charge in the commutator
[L−Xm, L
−
X−n]
(2)
=
D
12
m(m2 − 1)δm,n.
It differs from (111) only by the sign because nontrivial contractions arise when L−Xm
stands on the left.
In contrast to the L±Xm the finite sum in L(ab)m does not yield any contribution to
the anomaly. The suspicious terms are only those containg zero modes and entering the
infinite sum. For m,n ≥ 0, the anomalous terms in the commutator[
L(ab)m, L(ab)n
]
are clearly absent. Nontrivial calculations occur only in the commutator
[
L(ab)m, L(ab)−n
]
(2)
=
√
mn
16
[
a0a
∗
0bmb
∗
n + b0b
∗
0ama
∗
n − a0a∗0b−nb∗−m − b0b∗0a−na∗−m
]
+
1
4
∞∑
k,l=1
√
k(m+ k)l(n+ l)
×
[
a−ka∗−lbm+kb
∗
n+l + am+ka
∗
n+lb−kb
∗
−l − ala∗kb−n−lb∗−m−k − a−n−la∗−m−k blb∗k
]
=
m
16
(−2δm,n + 2δm,n) + 1
4
∞∑
k=1
k(m+ k)(−2δm,n + 2δm,n) = 0.
So all anomalous terms cancell. This happened because the operator L(ab)m contains terms
quadratic in creation operators along with the terms quadratic in annihilation operators.
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The terms yielding nontrivial double contractions in L(aa)m are those containing the
zero mode and entering the finite sum. Nonzero double contractions arise only in the
commutator[
L(aa)m, L(aa)−n
]
(2)
=
√
mn
16
[
a0a
∗
0ama
∗
n − a0a∗0a−na∗−m
]
+
1
4
m−1∑
k=1
n−1∑
l=1
√
k(m− k)l(n− l)
[
aka
∗
l am−ka
∗
n−l − a−la∗−ka−n+la∗−m+k
]
=
m
16
(δm,n − δm,n) + 1
4
m−1∑
k=1
k(m− k)(δm,n − δm,n) = 0,
where m,n > 0. Again all anomalous terms cancell.
Similar calculations show that all anomalous terms in the diagonal commutator[
L(bb)m, L(bb)n
]
cancell for all values of m and n. We omit here the details for the sake of space.
The anomalous terms do not appear in the commutator[
L(exp)m, L(exp)n
]
for another reason. Here one encounts infinite number of contractions but all off them are
zero. Indeed, operator L(exp)m depends only from two combinations of the fields q
+ + q−
and p+ − p−. Easy analysis show that
(q+ + q−)(q+ + q−) = (q+ + q−)(p+ − p−) = (p+ − p−)(p+ − p−) = 0. (112)
Thus the exponential terms clearly commute due to the Wick theorem. The essential
point here is that the creation operators for q+ and q− produce the states of opposite
norm. Only in this case contractions (112) equal zero.
So we see the difference between the quantum Liouville theory and quantum two-
dimensional gravity with torsion. Instead of one field the latter theory contains a pair of
fields which contribute to the energy with opposite signs. These fields can be arranged in
such a way that the exponents commute. In this way one of the main trouble of quantum
Liouville theory is avoided.
3.5 Crossterms
To compute the crossterms commutators one should perform more tedious calculations as
compared to the diagonal commutators. It is clear that L+Xm commute with L
−
Xm and both
of them commute with the operators L(ab)m, L(aa)m, L(bb)m, and L(exp)m. The crossterms
commutators [
L(ab)m, L(aa)n
]
(2)
=
[
L(ab)m, L(bb)n
]
(2)
=
[
L(aa)m, L(bb)n
]
(2)
= 0
also yield no anomaly because there are unsufficient number of creation and annihilation
operators of the same kind. So we have to consider the crossterms between L(ab)m, L(aa)m,
L(bb)m and the exponent term L(exp)m. Here we must consider only double contractions
because one of the operators is necessarily quadratic.
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Let us consider the crossterms[
L(ab)m, L(exp)n
]
+
[
L(exp)m, L(ab)n
]
=
[
L(ab)m, L(exp)n
]
− (m↔ n) (113)
which enter the commutator [L+m, L
+
n ] precisely in this combination. To show how the
cancellation occurs we consider first the commutators of the terms containing the zero
modes in L(ab)m and the cosmological term in L(exp)n[√
m
4
(a0bm + amb0 + a
∗
0b
∗
−m + a
∗
−mb
∗
0),
λ
2
∫ pi
−pi
dσ : e−
√
2(q++q−) : e−ınσ
]
− (m↔ n).
Expanding the operator exponent in a Taylor series, taking all possible double contractions
and then gathering the exponent again one obtains
λ
√
m
4
∫ pi
−pi
dσ : e−
√
2(q++q−) : e−ınσ
×
[
a0q
+bmq
− + amq+b0q− − q+a∗0q−b∗−m − q+a∗−mq−b∗0
]
− (m↔ n)
=
λ
4
∫ pi
−pi
dσ : e−
√
2(q++q−) : e−ınσ
[
− 1
4πβ
e−ımσ +
1
4πβ
e−ımσ
]
− (m↔ n) = 0,
where contractions (94)–(99) have been used. So the cancellation occurs inside the square
brackets in the last expression before the antisymmetrization. Computing the commutator
of quadratic terms containing zero modes in L(ab)m with whole exponential term one
must also take into account the double contractions with (r+ − r−) and double mixed
contractions: the first with (q++ q−) and the second with (r+− r−). Double contractions
with (q+ + q−) when one factor (q+ + q−) is taken from the exponent and the other is
taken from P 2⊥ term cancell like in the previous case. Double contractions with (r
+− r−)
cancell precisely in the same way as those with (q+ + q−). Double mixed contractions
cancell in another way. That is, computing the commutator (113) one obtains the term
√
m
∫ pi
−pi
dσ : e−
√
2(q+−q−)(P⊥ − cB) : e−ınσ
×
[
−a0q+bmr− + a0r+bmq− − amq+b0r− + amr+b0q−
+q+a∗0r
−b∗−m − r+a∗0q−b∗−m + q+a∗−mr−b∗0 − r+a∗−mq−b∗0
]
− (m↔ n)
=
∫ pi
−pi
dσ : e−
√
2(q++q−)(P⊥ − cB) :
[
1
π
− ı
π
(σ − σ˜)
]
e−ı(m+n)σ − (m↔ n) = 0,
where we have dropped insignificant constant factor. It is cancelled after antisymmetriza-
tion in m,n. So we have proved that double contractions of the first term in L(ab)m
with L(exp)n produce no anomaly. Now we are left to consider double contractions of the
infinite sum in (104) because finite sum can yield only single nontrivial contractions. Us-
ing contractions (94)–(97) one easily shows that all double contractions with (q+ + q−)2,
(q++q−)(r+−r−), and (r+−r−)2 cancell. We omit the corresponding calculations. Thus
for m,n > 0 the crossterm commutator equals zero[
L(ab)m, L(exp)n
]
− (m↔ n) = 0.
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This is the exact result because single contractions also yield zero as follows from Poisson
brackets calculation. One can check by similar calculations that this result holds for all
values of m and n.
Let us consider the next crossterms commutator[
L(aa)m, L(exp)n
]
− (m↔ n) (114)
for m,n > 0. The first term in L(aa)m containing the zero mode produce the following
double contractions with (q+ + q−)2, (q+ + q−)(r+ − r−), and (r+ − r−)2
√
m
[
a0q
+amq
+ + q+a∗0q
+a∗−m
]
e−ınσ − (m↔ n) = 1
4πβ
e−ı(m+n)σ − (m↔ n) = 0,
√
m
[
a0q
+amr
+ + a0r
+amq
+ + q+a∗0r
+a∗−m + r
+a∗0q
+a∗−m
]
e−ınσ − (m↔ n)
=
[
− 1
4π
+ ı
σ − σ˜
4π
+
1
4π
− ıσ − σ˜
4π
]
e−ı(m+n)σ − (m↔ n) = 0,
√
m
[
a0r
+amr
+ + r+a∗0r
+a∗−m
]
e−ınσ − (m↔ n)
= −ıβ(σ − σ˜)
2π
e−ı(m+n)σ − (m↔ n) = 0,
and all of them cancell. Here we omit the integration over σ because cancellation occures
under the integral sign and drop constant factors. Next we have to consider double
contractions between the finite sum in L(aa)m and L(exp)n. Here we must be carefull
because the upper limit of summation depends on m. Straightforward calculations show
that two terms arising from double contractions with (q++ q−)2, (q++ q−)(r+− r−), and
(r+ − r−)2 survive
m−1∑
k=1
√
k(m− k)
[
akq
+am−kq+ + q+a∗−kq
+a∗−m+k
]
e−ınσ − (m↔ n)
=
m−1∑
k=1
1
2πβ
e−ı(m+n)σ − (m↔ n) 6= 0, (115)
m−1∑
k=1
√
k(m− k)
[
akq
+am−kr+ + q+a∗−kr
+a∗−m+k
]
e−ınσ − (m↔ n)
=
m−1∑
k=1
(
− 1
4π
+
1
4π
)
e−ı(m+n)σ − (m↔ n) = 0, (116)
m−1∑
k=1
√
k(m− k)
[
akr
+am−kr+ + r+a∗−k r
+a∗−m+k
]
e−ınσ − (m↔ n)
=
m−1∑
k=1
β
2π
e−ı(m+n)σ − (m↔ n) 6= 0. (117)
Here for brevity we also do not write the integral over σ. The first and the third terms
do not cancell because of the upper limit in the sum. So we have considered all double
contractions in the crossterms commutator (114) and they lead to a nonzero result.
Let us consider the last crossterms commutator[
L(bb)m, L(exp)n
]
− (m↔ n) (118)
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for m,n > 0. Calculations in this case are very similar to the previous ones. We obtain
precisely the same results with one very important difference. The finite sum in L(bb)m
has opposite sign to that of L(aa)m and one obtains the terms which exactly cancell (115)
and (117). So we have proved that for m,n > 0 the crossterms commutator[
L(aa)m + L(bb)m, L(exp)n
]
− (m↔ n) = 0
equals zero. This results can be generalised for all values ofm and n by direct calculations
which are omitted here.
Thus we have proved that all double contractions in crossterms commutators cancell
and there is no quantum corrections to the classical algebra of the constraints in pure two-
dimensional gravity with torsion. The only anomaly comes from the string coordinates,
and the quantum algebra of the constraints coincides with that of ordinary bosonic string[
L+m, L
+
n
]
= −(m− n)L+m+n −
D
12
m(m2 − 1)δm,−n,[
L+m, L
−
n
]
= 0,[
L−m, L
−
n
]
= (m− n)L−m+n +
D
12
m(m2 − 1)δm,−n,
So the central charge in the Virasoro algebra of the string with dynamical geometry
precisely coinside with that of an ordinary bosonic string if we use the standart rep-
resentation for the string coordinates. In the following section we construct new Fock
representation for a bosonic string where the value of the central charge differs by two.
3.6 Anomaly free string in two dimensions
The canonical transformation converting q, p and q⊥, p⊥ into q±, p± before the introduction
of creation and annihilation operators is a crucial point for the construction of the anomaly
free representation of the Virasoro algebra for pure two-dimensional gravity with torsion.
If we constructed the Fock space directly from q, p and q⊥, p⊥ then we would obtain the
anomalous theory. There would arise not only the central charge but the algebra would be
completely broken. For example, the exponential terms would produce other exponential
terms with different exponents. As a by-product of our construction we proved that in
the Fock space for q±, p± the central charge produced by quadratic terms in (47) and
(48) which have precisely the same form as the constraints for string coordinates does not
appear at the quantum level. This sugests new representation for an ordinary bosonic
string.
Let us make the canonical transformation to the light cone variables
X0, X1,Π0,Π1 → X±,Π±,
with the generating function
F5 = − 1√
2
(X+ −X−)Π0 − 1√
2
(X+ +X−)Π1
depending on new coordinates and old momenta. Other string coordinates remain un-
changed. New coordinates and momenta are related to the old ones by the formulas
X+ =
1√
2
(X1 +X0), Π+ =
1√
2
(Π1 +Π0),
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X− =
1√
2
(X1 −X0), Π− = 1√
2
(Π1 −Π0).
We introduce annihilation and creation operators c, d and c∗, d∗ for the Fourier trans-
formed light cone variables
X+k =
1√
2ρ|k|
(dk + d
∗
−k), X
−
k =
1√
2ρ|k|
(ck + c
∗
−k), (119)
Π+k = −ı
√
ρ|k|
2
(dk − d∗−k), Π−k = ı
√
ρ|k|
2
(ck − c∗−k), (120)
where k 6= 0. They satisfy canonical commutation relations
− [ck, c∗l ] = [dk, d∗l ] = δk,l, (121)
and are related to the old creation and annihilation operators (54), (55) by linear trans-
formation
ck =
1√
2
(a∗1−k − a0k), dk =
1√
2
(a1k + a
∗0
−k), (122)
c∗k =
1√
2
(a1−k − a∗0k ), d∗k =
1√
2
(a∗1k + a
0
−k). (123)
Here important point is that the canonical commutation relations of ck and c
∗
k have
negative sign as well as that of a0k and a
∗0
k .
In the present section for brevity we omit the zero modes because they do not con-
tribute to the central charge.
In terms of new creation and annihilation operators the X0, X1 part of the constraints
for m > 0 up to zero modes read
L±Xm = L(cd)m ± (L(cc)m + L(dd)m), (124)
where
L(cd)m = −1
2
m−1∑
k=1
√
k(m− k)(d∗−kcm−k + c∗−kdm−k)
+
1
2
∞∑
k=1
√
k(m+ k)(d−kcm+k + dm+kc−k + d
∗
kc
∗
−m−k + d
∗
−m−kc
∗
k), (125)
L(cc)m = −1
4
m−1∑
k=1
√
k(m− k)(ckcm−k − c∗−kc∗−m+k)
− 1
2
∞∑
k=1
√
k(m+ k)(c∗−m−kc−k − c∗kcm+k), (126)
L(dd)m =
1
4
m−1∑
k=1
√
k(m− k)(dkdm−k − d∗−kd∗−m+k)
+
1
2
∞∑
k=1
√
k(m+ k)(d∗−m−kd−k − d∗kdm+k). (127)
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This form of the constraints have precisely the same form as L(ab) ± (L(aa) + L(bb)) af-
ter replacement a, b → d, c. Therefore formal commutators have no anomalous term as
compared to the classical Poisson brackets.
This is an intriguing observation, but we must pay for the absence of the central
charge. In fact, the constraints (125)–(127) are not well defined on the basis of the new
Fock space because they produce the states with infinite norm. So they are unbounded
operators and one must be carefull to give a precise meaning of the commutators. At
present the calculations must be considered only as the formal manipulations with the
operator symbols. We hope that there exists more rigorous foundation of the present
calculations.
In contrast to the ordinary representation one can impose the whole set of quantum
constraints on the physical subspace
L±m|phys >= 0
for all m. At the formal level the physical space is not empty. For example, the state
|ph >= exp
[
±
∞∑
l=1
(c∗l c
∗
−l + d
∗
l d
∗
−l
]
|0 >
is annihilated by all L±Xm
L(cd)m|ph >= L(cc)m|ph >= L(dd)m|ph >= 0.
It has infinite norm and its interpretation is obscure. But the mere fact of its existence
seems to be interesting.
One may try also to find new Fock representation for the remaining space components
of the string by introducing complex string coordinates like X2 ± ıX3 and corresponding
creation and annihilation operators. Unfortunately, this approach does not solve the prob-
lem of anomaly. This shows that different signs in the canonical commutation relations
(121) are of prime importance.
In the new representation the quantum Virasoro algebra has the form
[
L+m, L
+
n
]
= −(m− n)L+m+n −
D − 2
12
m(m2 − 1)δm,−n,[
L+m, L
−
n
]
= 0,[
L−m, L
−
n
]
= (m− n)L−m+n +
D − 2
12
m(m2 − 1)δm,−n.
We see that in D = 2 the string with dynamical geometry is anomaly free. That is the
central charge in the Virasoro algebra equals zero.
Let us briefly comment this model. If one considers the ordinary bosonic string in two
dimensions then one will find that the theory describes no continious degree of freedom
because two Virasoro constraints and two gauge conditions eliminate both degrees of
freedom X0 and X1. The situation in pure two-dimensional gravity with torsion is the
same: one can always eliminate all continious degrees of freedom from the theory. At the
same time the united theory of two-dimensional string with dynamical geometry describes
two degrees of freedom and is anomaly free. The physical degrees of freedom in this case
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are the space component of the string X1 and the conformal factor of the metric gαβ. They
yield positive definite Hamiltonian if the coupling constants in the Lagrangian satisfy (51).
At first sight the problem of tachyon will be successfully solved for two dimensional
string with dynamical geometry. Indeed, in the ordinary approach the tachyon arises due
to the constant α0 in the quantum expression for the constraint L0. The negative value
of α0 is intirely connected to the anomaly in the Virasoro algebra, for example, in the
BRST approach. In our case the anomaly is absent and I see no reason for arising of the
tachyon. This question as well as the spectrum and proper interpretation of the new Fock
representation will be considered in detail elswhere.
4 Conclusion
Let us make a few remarks concerning construction of quantum gravity. General relativity
as well as other theories with general coordinate invariance contains a set of nonlinear
constraits. If one tries to quantize the theory in a perturbative approach then one finds
that the algebra of the constraints do not closes in each order of the perturbation theory
already at the classical level. This raises a question of consistency of the perturbative ap-
proach because to maintain general coordinate invariance at the quantum level one must
retain all orders up to the order of the constraints. In four dimensional general relativity
the constraints are nonpolinomial and therefore one must retain infinite number of per-
turbations to maintain the invariance at the quantum level. Therefore a nonperturbative
approach to quantum gravity is desirable.
In the present paper we quantized two-dimensional gravity with torsion without any
approximation. It is quite suprising that the algebra of nonpolinomial constraints do have
a Fock space representation where the quantum algebra of the constraints coinsides with
the classical Poisson bracket algebra. That is the theory is anomaly free neglecting the
ghost contribution. To obtain a true anomaly free gauge theory one has to construct
anomaly free representation for ghost fields. This representation appears to be different
from the usual one and we hope that it exists.
To construct the representation of the constraints we have widely used the canonical
transformations corresponding to extracting the longitidinal and transversal parts from
the zweibein. This is a nontrivial problem in a curved background and the canonical
transformation is nonlocal. The remarkable point is that the quadratic parts of the
resulting constraints precisely coinside with the constraints of ordinary bosonic string.
This interesting observation may be a common feature of gravity theories. Hopefully,
a similar canonical transformation separating physical and unphysical modes exists in
arbitrary dimensional space-time, and this is the proper way of approaching the problem
of quantum gravity.
The approach used in the present paper demonstrates power and flexibility of the
canonical transformations in separation of physical and unphysical modes in the theory.
At the same time we have shown that even linear transformation of creation and anni-
hilation operators can result in unitary inequivalent Fock space representations of the
nonlinear operators. Nonlocality of the canonical transformation is not new and disas-
trous feature of the theory. For example, to seperate explicitly longitudinal part of the
electromagnetic potential one also has to perform nonlocal transformation. There arises
a question whether there exists and how to quantize the string with dynamical geome-
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try in terms of the initial variables in the Lagrangian. I hope a detailed elucidation of
this problem in this relatively simple case will shed a new light on quantum canonical
transformations and on the whole problem of quantum gravity.
The author would like to express his gratitude to I. V. Volovich for numerous en-
lightening discussions and to S. L. Lyakhovich, D. J. Schwarz and Th. Strobl for the
conversations on Hamiltonian formulation of two-dimensional gravity with torsion and
quantization.
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